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This book is written for those who are in sympathy with its spirit. This spirit
is different from the one which informs the vast stream of European and
American civilization in which all of us stand. That spirit expresses itself in
an onwards movement, in building ever larger and more complicated
structures; the other in striving in clarity and perspicuity in no matter what
structure. The first tries to grasp the world by way of its periphery —in its
variety; the second at its centre —in its essence. And so the first adds one
construction to another, moving on and up, as it were, from one thing to the
next, while the other remains where it is and what it tries to grasp is always
the same.

Wittgenstein
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PREFACE: FROM SET THEORY TO TOPOS THEORY

The reigning concepts of set theory are the membership relation € and the

extension {x. A(x)} of an arbitrary predicate A. These are related by the

comprehension principle

Comp Aly) © y € {x A(x}.

In set theory {x: A(x)} is taken to be an actual collection of individuals,

namely, the class of individuals having the property associated with the

predicate A, and the relation € to be the concrete membership relation

obtaining between a class and the individuals comprising it.

Now from a purely formal standpoint it is not necessary to
construe the comprehension principle in the concrete manner prescribed
by set theory. One has the option of regarding that principle as asserting
a purely formal connection between the symbols involved. This opens up
the possibility of conferring new meanings on those symbols, while at the
same time continuing to affirm the principle. Topos theory—or local set
theory—offers just such a possibility.

In the universe of sets every entity is a set (or a class) and so also

an extension of a predicate since the comprehension principle trivially

implies that, for each set X, X = {x: x € X}. This remains the case in topos

theory. A topos is a category every entity of which—that is, each object
and arrow—can formally be construed as an extension of a “predicate”
(suitably defined) in such a way as to preserve the comprehension

principle. The difference between set-theoretic extensions and their



“formal” counterparts can then be seen to rest on just how symbols for
variables (x, y, ...) are to be understood. In the set-theoretic case these

symbols are construed substitutionally—i.e. as placeholders for names of

fixed individuals. Thus, for example, VxA(x) is understood to mean the

conjunction A(a) & A(b) & A(cd) & ... where a, b, ¢, ... is a list of names of
the distinct individuals constituting the universe of discourse. In the
formal case as realized by topos theory, on the other hand, symbols for
variables ultimately denote correspondences and so have to be regarded

as truly variable entities. Thus while in set theory the rule of inference

A(a) for every individual a

VXA(X)

is affirmed, this rule fails in the “formal” case. Indeed, the correctness of
the rule singles out the set-theoretic case.

The fact that the whole apparatus of extensions is applicable
within a topos is what makes topos theory a “generalization” of set

theory.



I.
FREE INTUITIONISTIC LOGIC AND COMPLETE HEYTING
ALGEBRAS

The system of free intuitionistic logic has the following axioms and rules of

inference.

Axioms

a—> (B —-oa

[a—> B —>7) - [la—>p) > (a—>17)]

a—>(P->anp)

aAP—oa anpP—->pB

oa— avf B— avP

(@=>7)->[B—=>7)->@vp -y

(@ = PB) = [(a —> =p) > —a]

—o = (a0 > P)

o(t) > Ixo(x) Vxa(x) > a(y) (xfree in a and tfree for x
in a)

X=X o) Ax=y— a(y)

Rules of Inference
Restricted modus ponens o, a—>p
§ (all free variables

of a free in P)

B — a(x o(x) > B

B — Vxa(x) dxa(x) > B (x not free in P)

A lattice is a partially ordered set with partial ordering < in which each

two-element subset {x, y} has a supremum or join—denoted by x v y—



and an infimum or meet—denoted by x A y. A lattice is complete if every
subset X (including @) has a supremum or join—denoted by \VX—and an
infimum or meet—denoted by AX. Note that VJ = 0, the least or bottom
element of the lattice, and AY = 1, the largest or top element of the

lattice.

A Heyting algebra is a lattice H with top and bottom elements such
that, for any elements x, y € H, there is an element—denoted by x = y—
of H such that, for any z € H,

z<(x =y = zArx<y.

Thus x = y is the largest element z such that z A x < y. So in particular,

if we write x* for x = 0, then x*is the largest element z such that x A z =

O: it is called the pseudocomplement of x. We also write x < y for (x = y)
Ay = .

A Boolean algebra is a Heyting algebra in which x** = x for all x, or
equivalently, in which x v x* =1 for all x.

Heyting algebras are related to intuitionistic propositional logic in
precisely the same way as Boolean algebras are related to classical
propositional logic. That is, suppose given a propositional language L; let
P be its set of propositional variables. Given a map f: P - H to a Heyting

algebra H, we extend f to a map o~ [a] of the set of formulas of L to H a

la Tarski

[aABl=To] A[B] [oovp]=[a]v[B]. [-of=[o]*
[o— B] = [o] = [B]-

I Throughout, we use “=” for “if and only if” and “=" for “implies”.



A formula o is said to be (Heyting) valid—written Fo—if [a] = 1 for any
such map f. It can then be shown that a is valid iff Fa in the intuitionistic

propositional calculus, i.e., a is deducible from the propositional axioms
listed above.

A basic fact about complete Heyting algebras is that the following
identity holds in them:

*) XA \/Iyi =\/IXAyi.
And conversely, in any complete lattice satisfying (*), defining the

operation = by x= y = V{z: zA x< y} turns it into a Heyting algebra.

To prove this, we observe that in any complete Heyting algebra,
xAVyi<z = Vy<(x= 2
iel iel
= Ui <(x= 2,
= yinx <zalli
= VxAy £ z
iel
Conversely, if (*) is satisfied and x = y is defined as above, then
x=2yrx <V{zzax<yrx
=V{izArx zArx< y
<y.

Soz< (x 2y = zAx < (x= y) A x <y. The reverse inequality is an

immediate consequence of the definition.

In view of this result a complete Heyting algebra is frequently

defined to be a complete lattice satisfying (*).



Complete Heyting algebras are related to (free) intuitionistic logic in
the same way as complete Boolean algebras are to classical logic. To be

precise, let L be a first-order language whose sole extralogical symbol is a

binary predicate symbol P. An L-structure is a quadruple M
(M, eq, Q, L), where M is a (not necessarily nonempty!) set, H is a
complete Heyting algebra and eq and Q are maps M? — M satisfying, for

allm,n, m,n" e M,

eg(m, m) = 1, eq(m, n) = eq(n, m), eq(m, n) A eq(n, n) < eq(m, n),

Q(m, n) A eg(m, m) < Q(m’, n), Q(m, n) A eq(n, n) < Q(m, n).

For any formula a of L and any finite sequence x = <xi, ..., Xx> of

variables of L containing all the free variables of o, we define for any L-

structure M a map

[o]My: M —> H
recursively as follows.:
[%p=xg] Mx = <mq ..., mx> ~ eq(mp, my),
[Pxp xg]Mx = <my ..., mp> > Q(myp, my),
[o A BMx = Ja]Mx A [B]Mx, and similar clauses for the other
connectives,
[Qyoa]Myx = <mi ..., mp>» V [o (y/W)]Mux(m,m ..., my)
meM
[Vya]Mx = <mi ..., mn> > Ala (y/ W]Muw(m,mi ..., my)
meM

Call o M-valid if [o]M is identically 1, where x is the sequence of all free

variables of a. Note that, if M is empty, then any formula containing a

free variable is M-valid, but [Ix. x = x]M = 0.
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Then it can be shown that a is M-valid for all M iff o is provable in
free intuitionistic logic. This is the completeness theorem for this system of

logic.
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IT
LOCAL SET THEORIES /INTUITIONISTIC TYPE THEORIES

LOGIC IN A LOCAL LANGUAGE

A local set theory is a type-theoretic system built on the same primitive
symbols =, €, {} as classical set theory, in which the set-theoretic
operations of forming products and powers of types can be performed,
and which in addition contains a “truth value” type acting as the range of
values of “propositional functions” on types. A local set theory is
determined by specifying a collection of axioms formulated within a local

language defined as follows.

A local language Zhas the following basic symbols:

o 1 (unittype) Q (truth value type)

e S, T, U,... (ground types: possibly none of these)

o f, g, h,... (function symbols: possibly none of these)

* Xa, Ya, Za, ... (variables of each type A, where a type is as defined

below)

* (unique entity of type 1)

The types of Zare defined recursively as follows:

1, Q are types
any ground type is a type
A1 x ... x Ap is a type whenever Aj, ..., An are, where, if n= 1,
A1 x ..x Anpis A1, whileif n=0, A1 x .. x Anis 1 (product types)
e PA is a type whenever A is (power types)

Each function symbol f is assigned a signature of the form A —» B, where

A, B are types; this is indicated by writing f: A —» B.
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Terms of % and their associated types are defined recursively as

follows. We write

1: A to indicate that the term t has type A.

Term: type Proviso
*: 1
xa: A
f(r): B ffA>B A
<T1y eeey Tn>: Al X oo X An, Where <ti, ..y Tn> T1: A1y eeey Tni An
istm1ifn=1,and % if n =0.
() Ai where (t)iistifn=1 TALX .w.XxAn, 1<i<n
{xa: a}: PA Q)
c=1Q o, © of same type
cet1Q

o: A, ©: PA for some type A

Terms of type Q are called formulas, propositions, or truth values.

Notational conventions we shall adopt include:

o, ®,n’ variables of type Q
o, B,y formulas
X, Yy, 2 ... XA, YA, ZA...

1(x/ o) or (o)

result of substituting o at each free
occurrence of x in t: an occurrence of x is
free if it does not appear within {x: o}

o< B o=
I':o sequent notation:I" a finite set of formulas
e D a

A term is closed if it contains

type Q is called a sentence.

no free variables; a closed term of

The basic axioms for #are as follows:

Unity tx1=%
Equality x=y,o(z/x : a(z/y)
Products t(<x1, ey Xn>)i= X

t X =<(X)1, ..., (In>

Comprehension : x e {x: o} <> a

The rules of inference for Zare:

(%, y free for zin a)

Thinning I':a

B, I:a
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Restricted Cut o o, I':p

r:p (any free variable of a free in I') or B)
Substitution I':a

[(x/1) @ ax/T) (t free for xin ' and «)

Extensionality l'xeoceoxern

| (x not free in T, o, 1)
Equivalence o,T:p B,T:a

F:oa<p

These axioms and rules of inference yield a system of natural

deduction in % If S is any collection of sequents in %, we say that the

sequent I' : a is deducible from S, and write I' s o provided there is a

derivation of I' : a wusing the basic axioms, the sequents in S, and the

rules of inference. We shall also write T a forT g oo and Fs a for

D Fsa.

A local set theory in % is a collection S of sequents closed under
deducibility from S. Any collection of sequents S generates the local set
theory S* comprising all the sequents deducible from S. The local set
theory in #Zgenerated by & is called pure local set theory in %

The logical operations in #are defined as follows:

Logical Operation Definition?
T (true) =%
anp <a, > =<1, 17>
o— B (anB)eoa
Vx o {x:a}={x:T1}
1 (false) Vo.o

2 For the intuitive justification of the last pair of definitions, observe that: a v p holds iff,
for any proposition o, if ® follows both from a and from f, then ® holds. Similarly, Jxo
holds iff, for any o, if ® follows from a(x) for any value of x, then » holds.
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—a o—> L
avp Vol(o = o AB— o) > o]
Ix o Vo[Vx(a = o) > o]

We also write x# y for —(x = y), and x ¢ y for —=(x € y).
It can now be shown that the logical operations on formulas just
defined satisfy the axioms and rules of free intuitionistic logic. We

present some of the relevant derivations. In general, we write

Flzocl,...,Fnzocn
A:B
for derivability of A : B from I'1 t a1, ... , Tn ¢ an.

1. Fx=x

Derivation: : (x)1 = x.

2. o - o.

Derivation: W,0=0:0 0=
OO
o:a

. x=yFy=x, x=ykt(z/x9 =1(2/y).

4. FT, aoFoa=T, a=TF a.
Derivations: T,0:0 O,0:T
a0 =T
O=0,0 0 :
O=T.T:0q : T
a=T:a
5. T:aTl:8B
IF'ianP
Derivation: : a:o=T Aa=T,B=T:aApB
B:B=T wpB=T:arB

L a o B:anrl

3 Here o must nt occur in o or f.
4 Here » must nt occur in o.
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[:B | NI

F:oc/\.B

6. o I:y B, T : vy

anB, ey anB, Ty
7. o, T:PB r'ra—p

F':a—>p o, [':pB
8 o, P:y anPey

anfey o, By
9. I'ia<B

I': {e o} =pc B} (x not free in I)

Derivation: F:aof

xedx o, Tix efxB xedxBl T':x eix al
:x €f{x ol xe{x
I: o) =0 B)

10. [ :q
I': Vxa provided xis not free in (a) " or (b) a

Derivation: (a) ita a:0T

[iaoT

I':Vxa

(b) I':a
[(x/v) : a (v new)
Llx/v) : Vxa
I':Vxa

11. e Ocal =0 B}
F'raop provided xis free in a or B

12. Vxo k- a provided xis free in o
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Derivation: Vxo:Vxa
YXas:a=T aQ=T:q

Vxo o
13. F Yuoa(x/u) <> Vxa provided uis free for x, and not free in, o

(This shows that the definitions of L , v, and 3 do not depend on the
choice of bound variable ».)

14. I :a(x/u

I': Vxa provided that either (a) uis free for x in
o, and not free in I' or Vx a or (b) xis not free in a.

15. ofx/7), I":
Vxo, ': B provided that 7 is free for xin a, x is free

in o, and any free variable of t is free in Vxo, I', or B.

16. 1L+ a o, ' : 1L I': o
I': - —o, I's L

17. o, ' :vy B, :vy
avp, T ty
Derivation: o, I' vy B, T :vy
Ftao>y T:Boy
Fta>yAB—oy Yy

ao>yArBoy) oy Ty
Yolla—o>oaBo>o)o>ol, Ty (from 15)

avp, I ty

18. [ :a [:0
Frs:avp Frsavp (Derivation uses 14.)

19. a F Ixa provided xis free in o

Derivation (with ® not occurring in a):

a.: o ®:
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o —> W, 0L @®
Yx(a— o), a:e (from 15)
gaVx(la—om) oo

o ¢ dxa

Notice that it does not follow from 12.and 19. that Vx o F 3x a,

because the free variable x in a is free in neither premise nor conclusion.

20. o, [:B
dxa, I': B provided xis (a) not free in I or 3 or (b) not
free in a.
21. Ialx/1
I' : 3Ixa provided t is free for xin a, xis free in

o and any free variable of t is free in I or Ixo.

22. + FJuo(x/u) <> Ixa provided u is free for x, but not free in, a.

23. Modified Cut Rule

(i) | R a T :0B
Ixi(x1 = x1), ..., IxXn(xn=xn), T : B
where xi, ..., xn are the free variables of a not occurring freely
in " or .
(i1) [:a o, 't
r:p provided that, whenever

A is the type of a free variable of a with no free occurrences
in T or B, there is a closed® term of type A.

*

We define the unique existential quantifier 3! in the familiar way,
namely,
dlxo = Ixfa A Vy(a(x/y) > x =y).

The Eliminability of Descriptions for Propositions® can now be established:

5 A term is closed if it contains no free variables.
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oo - a(o/a (o/T)).
Consequently, if s Jloa then there is an explicit sentence o for
which Fsa(o). Here is the proof.
For simplicity write a(t) for a(w/1). Then we have
oo, aT),a F 0=T F o, o,aF o=TAra F o).
Hence
Jloa, a F o =0a(T); oo, a o =a(T) A ot ala(T)),

so that Floa, Joa - a(a(T)). Since Flwa F Joa, the result follows.

SET THEORY IN A LOCAL LANGUAGE

We can now introduce the concept of set in a local language. A set-like
term is a term of power type; a closed set-like term is called an (#-) set.
We shall use upper case italic letters X, Y, Z, ... for sets, as well as
standard abbreviations such as Vx €X.a for Vx(x € X — a). The set
theoretic operations and relations are defined as follows. Note that in the

definitions of ¢, N, and U, X and Y must be of the same type:

Operation Definition

{xe X:a} {x: xe XA a}
XcY Vxe X. xe Y
XNnY {x: xe XAxeY}
XuY {x: xe Xvxel}
xg X —(xe X)

Ua or A {xa: T}

Oa or & {xa: 1}
E-X {xx xe Enxe X}
PX {w uc X}

6 By this is meant that any proposition which can be identified by means of a

description of the sort the unique proposition for which such-and such can already be
explicitly named.
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NU (U: PPA)

{x: Vue U. x € u}

UU (U: PPA)

{x: Jue U. x € u}

N

iel

{x: Vie I x € Xi}

UX,

iel

{x: Jie L x € X3}

{T1500s Ty}

{x:x=1 v..vx=1,}

{t:a}

{z:3x,..3x,(z=1AQ)}

XxY {<xy>:x e XAyeY;
X+y {(<{x},0> xe X} i<yt ye YV}
Fun(X,Y) {fur uc Xx YA VxeX3lyeY <xy> € u}

The following facts concerning the set-theoretic operations and

relations may now be established as straightforward consequences of

their definitions:

(FX=Yeo Vxixe X xeY)

{)FXCX FXCYAYCX>X=Y,

F(XCYAYCZ »>XCZ

i) FZCXNY ©ZCXAZCY

(FXUYCZ < XCZAYCZ

(V) - xa e Ua

(Vi) F = (x € Da)

(Vi) F Xe PY < XCY

(Vi) F XCNU« VueU. XCu
(ix) FUUC X VueU. uCX

x) Fxel{y < x=y

xi) Fa—o>te{t:a}
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Here (i) is the axiom of extensionality, (iv) the axiom of binary union,
(vi) the axiom of the empty set, (vii) the power set axiom, (ix) the
axiom of unions and (x) the axiom of singletons. These, together
with the comprehension axiom, form the core axioms for set theory
in % The set theory is local because some of the set theoretic
operations, e.g., intersection and union, may be performed only on
sets of the same type, that is, “locally”. Moreover, variables are
constrained to range only over given types—locally—in contrast
with the situation in classical set theory where they are permitted

to range globally over an all-embracing universe of discourse.
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III

CATEGORIES AND TOPOSES

CATEGORIES

A category C is determined by first specifying two classes Ob(C), Arr{C)—
the collections of C-objects and C-arrows. These collections are subject to

the following axioms:

e Each C-arrow fis assigned a pair of C-objects dom(f], cod(f] called
the domain and codomain of f, respectively. To indicate the

fact that C-objects X and Y are respectively the domain and
codomain of f we write f X— Yor X—. Y. The collection of C-

arrows with domain X and codomain Yis written C(X, Y).

e Each C-object Xis assigned a C-arrow 1x: X — X called the identity

arrow on X.

e Each pair f, g of C-arrows such that cod(f) = dom(g) is assigned an
arrow g o fi dom(f] > cod(g) called the composite of f and g.
Thus if f X—> Yand gc Y—> Z then g o ff X > Z We shall

sometimes write X —,—Y —2Z or simply gf for g o f. Arrows

f, g satisfying cod(f) = dom(g) are called composable.

e Associativity law. For composable arrows (f, g) and (g, h), we have

holgefi= holgef.

e Identity law. For any arrow f: X — Y, we have fo 1x=f=1yo f.
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A category is small if its collections of obects and arrows are both
sets.

As a basic example of a category, we have the category Set of sets
whose objects are all sets and whose arrows are all maps between sets
(strictly, triples (f, A, B) with domain(fj = A and range(f) < B.) Other
examples of categories are the category of groups, with objects all groups
and arrows all group homomorphisms and the category of topological
spaces with objects all topological spaces and arrows all continuous
maps. A category possessing exactly one object may be identified with a
monoid, that is, an algebraic structure with an associative multiplication
and an identity element, while a category having at most one arrow
between any pair of objects may be identified with a preordered class, i.e.
a class carrying a reflexive transitive relation—a preordering”.

A subcategory C of a category D is any category whose class of
objects and arrows is included in the class of objects and arrows of D,
respectively, and which is closed under domain, codomain, identities,
and composition. If, further, for any objects A, B of C, we have C(A, B) =
D(A, B), we shall say that Cis a full subcategory of D.

BASIC CATEGORY-THEORETIC DEFINITIONS

Commutative diagram (in category C) Diagram of objects and arrows
such that the arrow obtained by
composing the arrows of any
connected path depends only on
the endpoints of the path.

Initial object Object O such that, for any object

7 Thus a partial ordering is an antisymmetric preordering, i.e. a preodering < satisfying
x<yand y< x= x =y. A set carrying a partial ordering will be called a poset.



Terminal object

(C-)Element of an object X

Monic arrow X > Y

Epic arrow X » Y

Isomorphism X = Y

Product of objects X, Y

Product of arrows fi: X1 — Y1,
fQZ Xo—> Y

Diagonal arrow on object X
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X, there is a unique arrow 0 — X
(e.g., D in Set)

Object 1 such that, for any object

X, there is a unique arrow X — 1
(e.g. any singleton in Set)

Arrow 1 > X

Arrow f: X — Y such that, for
any arrows g, h: Z—> X, fo g

= fo h= g =h (in Set, one-one
map)

Arrow f: X — Y such that, for
any arrows g, h: Y—> Z,go f=
ho f= g=nh (in Set, onto map)

Arrow fi X — Y for which there
is g Y— Xsuch that go f = 1x,
fog= 1ly

Object X xY with arrows (projections)
X+ —XxY—=2—Y such that any
diagram s can be uniquely

f / \g

completed to a commutative diagram

£
e

X1 —XXY 2 Y

Unique arrow fi x fo: X1 x Xo = Y1 x Y»
making the diagram

X1 X XQ \\
1
X1V X2
h 1% fa f
n'1 2
Y: €<—V; x Yo _— > 2

commute. IL.e., fix fa =< fiomi, fo o m2>.

Unique arrow dx : X — X x X making
the diagram

A



Coproduct of objects X, Y

Pullback diagram or square
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ox
X «8  XxY —2>5'Y

commute. l.e., 0x = <1x, 1x>.

Object X + Y together with a pair of
arrows X —2—> X +Y«>2—Y such
that for any pair of arrows

X—L > A« B, there is a unique
arrow X+Y—"—>A such that the

diagram X—21 5>X+Y«2 Y

h
A commutes

h is usually written f+ g.

Commutative diagram of the form
> .
f
g
T

such that for any commutative
diagram

there is a unique ¢ —— ® such
that

—,

—

I ¥

° e cOmmutes.

Equalizer of pair of arrows e —§> B Arrow 4 ——>esuch that foe=goe

and, for any arrow A —< 5 ¢ such that
foe’=go e’ thereis a unique A——> ¢

such that A LI commutes.

N



Subobject of an object X

Truth value object or subobject
classifier

Power object of an object X.
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Pair (m, Y), with ma
monic arrow Y- X

Object Q together with
arrow T: 1 — Q such that
every monic m: e » ¢

(i-e., subobject of #)
can be uniquely extended
to a pullback diagram of the form

xX(m)

¢ —— >0

and conversely every diagram of the
form A—"—>Q« lhas a pullback.
x(m) is called the characteristic arrow of m.

The maximal characteristic arrow Ta, or

simply 7, on A4, is defined to be the
characteristic arrow of 1a . The

characteristic arrow of 0 >> 1 is written L:
1> Q.

An object PX together
with an arrow (“evaluation”)

ex: Xx PX — Q such that,
for any fi X x PX —>Q,
there is a unique arrow
f: Y— PX such that

b

X x PX ex ;Q

commutes. (In Set, PX

is the power set of X

and ex the characteristic
function of the member-
ship relation between X
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and PX)

Exponential object of objects Y, X An object Y%, together with an
arrow ev: X x YX — Y such

that, for any arrow f: XxZ — Y
there is a wunique arrow
f 1 Z— YX—the exponential

transpose of f— such that the
diagram

Xx Z
lxxf\EN
Xx YX _2.1.191/

commutes. In Set, YX is the set

of all maps X — Yand evis
the map that sends (x, f] to
9.

Product of indexed set {Ai: i € I} of objects Object HAi together with arrows
iel
[TA —=—A (i€I) such that, for
iel

any arrows fi: B— Ai (i € ] there

is a unique arrow h: B——][ [ 4
iel
such that, for each i € I, the diagram

h
B 114 commutes.

Coproduct of indexed set {Ai: i € I} of objects Object HAi together with arrows
iel
A —— HAi (i € I) such that, for
iel

any arrows fi: Ai - B (i € ]) there

is a unique arrow h:[[A——B
iel

such that, for each i € I, the diagram

A -G HAi

iel
h l

R commutes.
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A category is cartesian closed if it has a terminal object, as well as
products and exponentials of arbitrary pairs of its objects. It is finitely
complete if it has a terminal object, products of arbitrary pairs of its
objects, and equalizers. A topos is a category possessing a terminal
object, products, a truth-value object, and power objects. It can be
shown that every topos is cartesian closed and finitely complete (so that
this notion of topos is equivalent to that originally given by Lawvere and
Tierney).

More on products in a category. A product of objects Aj, ..., Anin a category C is an
object A; x ... x An together with arrows 7 A; x ...x An —> Aifor i = 1, ..., n, such that, for
any arrows fi B—> A, i =1, ..., n, there is a unique arrow, denoted by <fi, ..., fa>:
B— A; x ..x An  such that mio<fi, ..., fi>=fi i=1, ..., n. Note that, when n =0,

A; x ...x An is the terminal object 1. The category is said to have finite products if
A1 x ...x An exists for all Ay, ..., An. If C has binary products, it has finite products, since
we may take Ai;x ..x Anto be A; x (A2 x (...x An)...). It is easily seen that the product
operation is, up to isomorphism, commutative and associative. The relevant

isomorphisms are called canonical isomorphisms.

A functor F: C —> D between two categories C and D is a map that
“preserves commutative diagrams”, that is, assigns to each C-object A a
D-object FA and to each C-arrow f: A —> B a D-arrow Ff: FA — FBin such
a way that:

A FA
N> \#r
B FB
A@u ! 5 FAQ1FA F(l4) = 1ra

o;o .L.
\/: \/ Flge ) = Fgo Ff
h (o] Fh Fg

commutes commutes

A functor F: C— Dis an equivalence if it is “an isomorphism up to

isomorphism”, that is, if it is
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o faithful: Ff=Fg = f=g.

e full: for any h: FA — FBthere is f: A— Bsuch that h = Ff.

e dense: for any D-object B there is a C-object A such that B
= FA.

Two categories are equivalent, written =, if there is an equivalence between them.
Equivalence is the appropriate notion of “identity of form” for categories.

Given functors F, G: C — D, a natural transformation between F and G is a map
1 from the objects of C to the arrows of D satisfying the following conditions:

e For each object 4 of C, N4 is an arrow F4 — GA in D
e Foreach arrow f: 4 — 4’in C,

nAd
FA —> GA

Ff'\L \LGf
nd’

FA’ 5 GA’ commutes.

Finally, two functors /: C — D and G: D —C and are said to be adjoint to one
another if, for any objects 4 of C, B of D, there is a “natural” bijection between arrows A
— GB in C and arrows F4 — B in D. To be precise, for each such pair 4, B we must be
given a bijection @45: C(4, GB) — D(FA, B) satisfying the “naturality” conditions

o foreachf: 4 —> A’and h: A”— GB, @4a(h o f) = @a5(h) o Ff

o foreachg: B— B’and h: A —> GB’, o48(Gg o h) = g o @up(h).
Under these conditions F'is said to be left adjoint to G, and G right adjoint
to F.

THE TOPOS OF SETS DETERMINED BY A LOCAL SET THEORY

Let S be a local set theory in a local language % Define the relation ~s on

the collection of all Z-sets by
X~sY =FsX=Y.

This is an equivalence relation. An S-setis an equivalence class [X]s—

which we normally identify with X—of #Z-sets under the relation ~s. An S-
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map f: X— Yor X—L Y is a triple (f, X, Y)—normally identified with
f—of S-sets such that Fsf € Fun(X, Y). X and Y are, respectively, the
domain dom(f) and the codomain cod(f) of f.

We now claim that the collection of all S-sets and maps forms a
category C(S), the category of S-sets. This is proved by showing

(1) if £, g X> Y, then

f=g = xe XFs<x,y>e fo <x,y>€g.

Given X—L >Y—9 7 define

geof ={<x, z> 3y(<x, y> € f A <y, z> € g)}.

Then

(2) g o f: X— Zis associative.

Given an S-set X, define

Ax ={<x, x> xe X} 1x = (Ax, X, X).

Then

B)lx X> X;forany f : X—> Y, f olx=f =1yof

Now suppose we are given a term 1 such that

<X1, ..., Xn> € XFst1€Y.
We write <xi, ..., xp> P> 1t or simply x = 1 for
{<<x1, ...y Xn>, T>: <X1, ..., Xn> € X}.

If x1, ..., xn includes all the free variables of tand X, Yare S-sets, then
<X1, ..., Xp> P> 1 is an S-map X— Y, which we denote by t: X— Yor

X——>Y . Iffis a function symbol, we write f for x = f(x). It is not hard

to show that, if, for all i, o;is free for y; in 1, then

(<y1, ..., Yn> 1) o (<x1, ..., Xn> P> <0C1, ..., 6n>) = (<X1, ..., Xn> P> 1(Y/0)).
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We next claim that C(S) is a topos. To prove this, observe that, first,

Ui is a terminal object inC (S). For, writing 1 for Ui, given a set X, we have

the Smap (x = *x): X> 1. If f X—> 1, then x € X ks <x, * > € f, so

f= (x> *).
Products in C (S). Given S-sets X, Y, let

1= (<xy>P x: Xx Yo X m2= (<X Y>> ) X x Y- Y.

Then X x Yis a product object in C(S) with projections 11, 112.

It is easily shown that an S-map is monic iff
<x,z>ef,<y,zz2efsx=y.

Given an S-map f: X — U, write f¥x) for <x, 7> € f. Since

o <x, o> € f, it follows from eliminability of descriptions that

xe X Fs<x, ff2> € f. So f¥(x) is the value of fat x. And
(= ) =f  (xPo)*(<x, ..., x»>) < o
Write (2 for U,and T: 1 — 2 for x = T. Then it can be shown that,

if m: Y>>X is monic, the C(S)- diagram

Y —»1

is a pullback iff
h = (x> Jy.<y, x> € m).

Using these facts we can show that ({2, T) is a truth value object in

C(S). For suppose given a monic m: Y>> X. Define y(m): X - {2 by
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x(m) = x> Jy.<y, x> e m.
Then by the previous result y(m) is the unique arrow X — (2 such that the

diagram

is a pullback. Conversely, given h: X — 2, let Z = {x h*x)} and h* =
(x> x): Z— X. Then
x (h¥) = (x = Jy.<y, x> € h¥)= (x> h*(x) = h.

So (£2, T) satisfies the conditions imposed on a truth value object.

We remark parenthetically here that it follows from the

eliminability of descriptions for propositions that C(S)-elements of 2 may
be identified with sentences of the language of S. To see this, associate
with each sentence ¢ the C(S)-element of 2 * = o: 1 — (2. Reciprocally,
given a C(S)-element ff 1 — 2 , then ts Jlo<x, o> € f and so, by

Eliminability of Descriptions for Propositions, there is a sentence o for

which Fs<*, 6> € f. We associate o with f. Provided we identify sentences

when they are S-provably equal, these associations are mutually inverse.

Finally, C (S) has power objects. For, given an S-set X, define

ex: X x PX—> 2byex=(<x,z> xe z),and if X x Y (2 define

f: Y5> PXby f =(yP {x f{<x, y>)}. Itis now not hard to verify that

f is the unique arrow Y —» PX making the diagram
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X1Y
1X><f x

X x PX > N

ex

commute. So (PX, ex) is a power object for X in C (5).

EXAMPLES OF TOPOSES

One of F. W. Lawvere’s most penetrating insights was to conceive of a

topos as a universe of variable sets. Here are some examples.

To begin with, consider the topos Setof sets varying over two

possible states O (‘then”), 1 (“now”), with O < 1. An object X here is a pair

of sets Xo, Xi together with a “transition” map p: Xo - Xi. An arrow
fi X—> Y is a pair of maps fo: Xo —> Yo, fi: X1 > Y1 compatible with the
transition maps in the sense that the diagram

b
Xo —Xu

commutes.

The truth value object 2 in Set” has 3 (rather than 2) elements.

For if (m, X) is a subobject of Y in Set™, then we may take Xo C Yo, Xi

CYi, fo and fi identity maps, and p to be the restriction of g to Xo. Then

for any y € Y there are three possibilities, as depicted below: (0) y € Xo,
(1) qly) € X1 and y ¢ Xo, and (2) q(y) ¢ Xi.
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So if 2 = {0, 1} and 3 = {0, 1, 2} we take () to be the variable set 3 > 3

withO~ 1,10 1,2+ 2.

More generally, we may consider sets varying over n, or T, or any

totally ordered set of stages. Objects in Set™ are “sets through n

successive stages”, that is, (n — 1)-tuples of maps

X, —L XL oXx L5 X 25X .

The truth value object in Set™ looks like

3 TN 3
2 2 e 2
1 13; .......... 1
0 —>0 —>...—>»0

Objects in Set® are “sets through discrete time”, that is, infinite

sequences of maps

fo o fo
X,—L X —h X, L5

0

The truth value object in Set® looks like:

® > © > ® > O—> ...

s e



2 2 2 2__
X \1§ 1 Q‘l —
0 A O— 00— 0—
In each case there is “one more” truth value than stages: “truth” = “time”

+ 1.

Still more generally, we may consider the category Setf of sets
varying over a poset P. As objects this category has functors® P — Set, i.e.,
maps F which assign to each p € P a set F(p) and to each p, g € P such
that p < ga map Fpq: Flp) > Flq) satisfying:

qu
p < g < r implies that F(p) F(q)

Fpr qur

F(n commutes
and
Fpp is the identity map on F(p).

An arrow n: F— G in SetP is a natural transformation between F and G,
which in this case is an assignment of a map np: F(p) > G(p) to each

p € Pin such a way that, whenever p < g, the diagram

qu
) > Flq)
Mr l MNq
qu
Glp) 7™ G(qg commutes.

8 Recall that any preordered set, and in particular any poset, may be regarded as a
category.
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To determine 2 in SetP we define a (pre)filter over p € P to be a

subset Uof Op ={ge P: p< g suchthatqe U r > q= re U Then

2(p) = set of all filters over p,

2pg(U)=UN Oq for p< q, U € 2(p).

The terminal object 1 in SetP is the functor on P with constant value

1={0}and t 1 —> 2 has t,(0) = Op for each p € P.

Objects in setP’ —where P*is the poset obtained by reversing the

order on P— are called presheaves on P. In particular, when P is the
partially ordered set O(X) of open sets in a topological space X, objects in
Set°X called presheaves on X. So a presheaf on X is an assignment to

each U € O(X) of a set F(U) and to each pair of open sets U, V such that

V C U of a map Fyv : F(U — F(V) such that, whenever W C U C V, the

diagram
Fuv
HU) AV
Fuw Fvw
W) commutes;
and

Fyy is the identity map on F(U).

If s e F(U), write s|v for Fuy(s)—the restriction of s to V. A presheaf

F is a sheaf if whenever U = UU .and we are given a set {si: i € I} such

iel
that s; € F(U) for all i e Iand silvinyi = Sjluing for all i, j € I, then there is

a unique s € F(U) such that s|yi=s;forall ie L
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Uz

Us

For example, C(U) = set of continuous real-valued functions on U, and
s\ v = restriction of s to V defines the sheaf of continuous real-valued
functions on X.

It can be shown that the category of sheaves on a topological space
is a topos: in fact the topos concept was originally devised by
Grothendieck as a generalization of this idea.

The idea of a set varying over a poset can be naturally extended to

that of a set varying over an arbitrary small category. Given a small
category C, we introduce the category set® of sets varying over C. Its
objects are all functors € — Set, and its arrows all natural
transformations between such functors. Again, it can be shown that set®
is a topos.

An important special case arises when C is a one-object category,
that is, a monoid. To be precise, a monoid is a pair M = (M, -) with M a set
and - a binary operation on M satisfying the associative law a - (B - 7) =
(a0 - B) - y and possessing an identity element 1 satisfying 1 -a=a -1 =a.
(Note that a group is just a monoid with inverses, that is, for each o there
is B for which a- 3 =p-a =1.) Any object in setM may be identified with
a set acted on by M, or M-set, that is, a pair (X, ) withea map M x X > X

satisfying (o - B) e x =« (B » x) and 1 « x = x. An arrow f: (X, ¢) = (Y, o) is

an equivariant map f: X — Y, i.e, such that flo « x) = a « fix). The
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subobject classifier 2 in setM is the collection of all left ideals of M, i.e.
those I C M for whicha € [ B € M= B - a € I The action of M on (2 is

division, viz. oo e I ={ € M: B - a € I°. The truth arrow t. 1 — () is the map

with value M.

Toposes can also arise as categories of “sets with a generalized
equality relation”, with arrows preserving that relation in an appropriate
sense. Some of the most important examples in this regard are the
categories of Heyting algebra-valued sets. Given a complete Heyting

algebra H, an H-valued set is a pair (I, §) consisting of a set I and a map

6: I x I > H (the “generalized equality relation” on ] satisfying the

following conditions, in which we write 8 for (i, i) (and similarly below):
di»=38ii (symmetry)

i A 8i7i7 < 8~ (substitutivity)

The category Sety of H-valued sets has as objects all H-valued sets. A Sety -

arrow f: (I, 8) —> (J, ¢) is amap f: I x J —> H such that
dir Nfiy < fir fi ~Agir< fir (preservation of identity)
fii Afii < &7 (single-valuedness)

V fii=0ii (defined on )

jed

The composite g o f of two arrows f: (I, 8) — (J, ¢) and g: (J, &) = (K, 1) is
given by

9 This is because if Xis a sub-M-set of Y, each y € Yis naturally classified by the left
ideal{o € M: o e y € X}.
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(g° i =J.\€/inj/\gjk'

Then Sety is a topos in which the subobject classifier is the H-valued set (H, <).

BASIC PROPERTIES OF TOPOSES

Given a topos E, and an E-arrow u: A — (2, we choose u: B A, the
kernel of u, so that B—— 1 is a pullback and I1(14) = 1a. Note that
uv__ VT

A u 2%

then y (ZL) = Uu.

Now given monics m, n with common codomain A, write mC n if

n

there is a commutative diagram of the form \T/’ ..
m

Write m ~nif m C nand n C m. Then ~ is an equivalence relation and

m ~ n iff there is an isomorphism such that

° ~ °
m\ / n
A commutes
Equivalence classes under = are called subobjects of A. Write [m] for the
equivalence class of m: for u: A - 2, [u] is called the subobject of A

classified by u. We define [m] C [n] = m C n. The relation C—inclusion—is

a partial ordering on the collection Sub(A) of subobjects of A. It is easily

shown that [m] = [n] = x(m) = y(n), so we get a bijection between Sub(A)
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and E(A, {2), the collection of E-arrows A — (2. Define, for u, v € E(4, 3), u

< v= u C v. This transfers the partial ordering C on Sub(A) to E(4, ).

It can be shown by an elementary argument that, in a topos, any

diagram of the form e with m monic can be completed to a
m
° —P}

—_—

fl(m)I f
[ ] _— [ ]

pullback i The arrow f1(m) is called the inverse image

m
of munder f. We may in fact take f1(m) to be y(m)o f .

Now define 6a= <14, 1a>: A > A X A, eqa=7y (6a), T=Ta=1y (1a).
Then YTA =14, so u< Tafor all u € E(A, ().

Given a pair of monics m, n with common codomain A, we obtain

their intersection m N n by first forming the pullback

n(m)
° >
m-1(n) l l m
° o) > ©

and then defining mnn = n o m1(n) = m o n"}(m). This turns (Sub(4), C)

into a lower semilattice, that is, a partially ordered set with meets. We

transfer N to E(A, £2) by defining ua v = y(u A v). This has the effect of

turning E(4, {2) into a lower semilattice as well.

IV



40

INTERPRETING A LOCAL LANGUAGE IN A TOPOS:
SOUNDNESS AND COMPLETENESS

INTERPRETATIONS AND SOUNDNESS

Let #be a local language and E a topos. An interpretation I of # in E is an
assignment:

e to each type A, of an E-object A;such that:

(A1 X ...x Apr = (A1)rX ...x (Aq)y,

(PA); = PA,

1;=1, the terminal object of E,

Q= (2, the truth-value object of E.

e to each function symbol f: A —» B, an E-arrow

J: Ar—> Br

We shall sometimes write At or just A for A
We extend I to terms of Zas follows. If 1 : B, write x for (x1, ..., xn),
any sequence of variables containing all variables of t (and call such

sequences adequate for 1). Define the E-arrow

[t]x: A1 X ... Xx An—> B

recursively as follows:

[*]x =Ai1x ..x An—> 1,
[xi]x = i A1X ...xX An—> A,

[AD)]x = fi o [7]x

[[Tl, ceey Tn]]x = <[[Tl]]x7 (AR IIT”]]x>’
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[(Odx = 1tie [r]e
[f: ol = ([0(/)]ux o can)?,

where in this last clause u differs from xi, ..., xn, is free for y in «a, y is of

type C, (so that B is of type PC), can is the canonical isomorphism

C x (A1x ...x Ap) = Cx A1 x ...x Ap, and f is as defined for power

objects. (To see why, consider the diagrams

(lou(/2e)] e
Cx A X .. X Aym—>1

can‘ /
C x (A1 X ...x Ap) Aix ..x Ap —L— PC

In set theory, f (a1, ..., ar) ={y € C: a(y, a1, ..., an)}, so we take [{y: a}]x to

be f.)
Finally,
[o =1]x =eqc ° [<o, 1>]x (With o, 1: C)
[o € t]x = ec o [<o,t>]x (With o: C, t: PC and where ecis as

defined for power objects.)

If T : B is closed, then x may be taken to be the empty sequence .

In this case we write [t] for [t]g; this is an arrow 1 — B. In particular, if t
is {y : o} of type PC, then [{y: a} | is an arrow 1 — PC which corresponds

to the subobject of C classified by [a],: C— (2.

We note that

[Tlx=[*=*]x=eqo <[*]x,[*]x>=T.
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For any finite set I' = {a1, ..., an} of formulas write

[[F]]I,xfor{[[al]]Lx AvA [om]xe ifm>1
T if m=0.

Given a formula a, let x = (x1, ..., x») list all free variables of ' U {a}; write

F'Fra orT' Fea for [T]ix <[a]ix

I' /r a is read “T' : a is valid under the interpretation I'in E.” If Sis a

local set theory, we say that Iis a model of S if every member of S is valid

under I Notice that
Fip = [Blx =T
So if Iis an interpretation in a degenerate topos, i.e., a topos possessing

just one object up to isomorphism, then F; a for all a, so that I'is a

model of the collection of all formulas.

We write:
I'E o for I'cro forall I
I'Es a for I' F; o for every model I of S.

It can be shown (tediously) that the basic axioms and rules of inference

of any local language are valid under any interpretation. This yields the

Soundness Theorem.

I'Foa = T'F a I'Fsa = I'kEs a.

A local set theory S is said to be consistent if it is not the case that

s L. The Soundness Theorem yields the

Corollary. Any pure local set theory is consistent.
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Proof. Set up an interpretation I of Z in the topos Finset of finite
sets as follows: 1; =1, Q;={0, 1} = 2, for any ground type A, A; is any
nonempty finite set. Extend I to arbitrary types in the obvious way.
Finally f;: A; — By is to be any map from A; to B

If - L, then Fa, so Fra for any formula a. In particular F; u=v
where u, v are variables of type P1. Hence [u]; w = [V]; w, that is, the

two projections PI x P1 — P1 would have to be identical, a contradiction.

THE COMPLETENESS THEOREM

Given a local set theory S in a language ¥, define the canonical
interpretation C(S) of #Zin C(S) by:

Acis) = Ua fcig = (x - f(x)): Un > Us forf: A> B
A straightforward induction establishes

[t]as x = (= 1)

This yields
(*) 'Feg a=T'ks a.
For:
Feg o = [ofagx =T

= (x~a)=(xe~T)

= Fsoa=T

= Fsa.
Sincel' Fs o = ks y — a, where v is the conjunction of all the formulas

in I', the special case yields the general one.
Equivalence (*) may be read as asserting that C(S) is a canonical

model of S. This fact yields the
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Completeness Theorem.

'Fa = I'F a l'Fsa = I'kFs a

Proof. We know that C(S) is a model of S. Therefore, using (*),
l'FEsa = I'kFgg o = T'ks a.

EVERY TOPOS IS LINGUISTIC

A topos of the form C(§) is called a linguistic topos. We sketch a proof that
every topos is equivalent to a linguistic one.

Given a topos E, we shall exhibit a theory Th(E) and an equivalence
E = C(Th(E)).

We define the local language # associated with E—also called the
internal languge of E—as follows. The ground type symbols of # are

taken to match the objects of E other than its terminal and truth-value

objects, that is, for each E-object A (other than 1, () we assume given a

ground type A in %. Next, we define for each type symbol A an E-object
AE by

A: = A for ground types A,

(A X B)e= Ae x Bel©

(PA)e = P(A):.

The function symbols of Z are triples (f, A, B) = f with f At — Be

in E. The signature of fis A —» B.11

10 Note that, if we write C for A x B, then while C is a ground type, A X B is a product
type. Nevertheless Ce= (A X B):.
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The natural interpretation—denoted by E—of # in E is determined

by the assignments

A: = A for each ground type A (f; A, B)e = f.

The local set theory Th(E), the theory (or internal logic) of E, is the
theory in % generated by the collection of all sequents I' : @ such that

I' ke o under the natural interpretation of % in E. Then we have
I'me o =TFea .
For if ' F g o then by Soundness I' g o ie., 't o is valid in every

model of Th(E). But by definition E is a model of Th(E).

It can now be shown that the canonical functor F: E — C(Th(E))

defined by

FA = Ua for each E-object A

Ff= (x> fixy: Us > Us for each E-arrow f: A — B

is an equivalence of categories. This is the Equivalence Theorem.
Here is another fact about Th(E).

A local set theory Sin a language Zis said to be well-termed if:

e whenever s 3lxa, there is a term t of # whose free

variables are those of a with x deleted such that

Fs a(x/7),

11 Note the following: if fi A x B— D, in E, then, writing C for A x B as in the footnote
above, (f, C, D) and (f, A X B, D) are both function symbols of # associated with f. But

the former has signature C — D, while the latter has the different signature A x B —» D.
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and well-typed if
e for any S-set X there is a type symbol A of #such
that Us = Xin C(S).

A local set theory which is both well-termed and well-typed is said to be
well-endowed. 1t follows from the Equivalence Theorem that, for any
topos E, Th(E) is well-endowed.

The property of being well-endowed can also be expressed
category-theoretically. For local set-theory S, let T (S)—the category of S-
types and terms —be the subcategory of C(S) whose objects are all S-sets
of the form Ua and whose arrows are all S-maps of the form (x - t). Then
S is well-endowed exactly when the insertion functor T (S) — C(S) is an
equivalence of categories.

We remark finally that, for well-termed S, and any S-set X of type PA,
C(S)-arrows 1 > X—the C(S)-elements of X—may be identified with closed

terms t of type A for which st € X.
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\"
TRANSLATIONS OF LOCAL LANGUAGES

TRANSLATIONS

A translation K: #— %' of a local language ¢ into a local language %' is
a map which assigns to each type A of Z a type KA of #' and to each

function symbol f: A > B of signature KA — KB in such a way that

Kl1=1, K?2=Q, KA1 X ... X Ap) = KA1 X ... X KA, K(PA) = PKA.

Any translation K: Z —» %' may be extended to the terms of # in the
evident recursive way—i.e., by defining K* =« K(f{7)) = KfiKr), K(c € 1) =
Ko € Kr, etc.—so that if t : A, then Kt : KA. We shall sometimes write
ox for Ka.

If S, S” are local set theories in % %' respectively, a translation
K: ¥ >9%'is a translation of S into S, and is written K: S— S’if, for any

sequentI': o of %

(*) Tts o = KItys Ka,

where if T = {a1, ..., an}, KI' = {Kai, ..., Ko, If the reverse implication to
(*) also holds, K is called a conservative translation of S into S”. If S’is an
extension of S and the identity translation of S into S’is conservative, S’
is called a conservative extension of S.

There is a natural correspondence between models of Sin a topos E
and translations of S into Th(E): in particular the identity translation Th(E)

— Th(E) corresponds to the natural interpretation of Th(E) in E.
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Now let E, E' be toposes with specified terminal objects, products,
projection arrows, truth-value objects, power objects and evaluation
arrows: a functor F: E— E' which preserves all these is called a logical

functor. It is easily seen that the canonical functor E — C(Th(E)) is logical.

If Ki: S— S’is a translation, then for terms o, 1t of 4 Ftsoc =1
implies s’ Ko = Kt , so that K induces a map Ck from the class of S-sets

to the class of S*-sets via
(k([o]s) = [Ko]s-

(x is actually a logical functor C(S) — C(S”). Writing Loc for the category of
local set theories and translations, and Top for the category of toposes
and logical functors, € is a functor Loc — Top. And reciprocally any logical
functor F: E— E' induces a translation Th(F): Th(E) — Th(E') in the natural
way, so yielding a functor Th: Loc —» Top. C and Th are “almost” inverse,
making Loc and Top “almost” equivalent.

Given a local set theory S in a language % define a translation

K: Z— %s by

KA =Us, Kf=(fA,B) iffiA— B.

An easy induction on the formation of terms shows that, for any term t of

4,

[tley x = [Krles) xe

It follows from this that K is a conservative translation of S into

Th(C(S)). For

F'ksa =Tk a = KI ¢y Ka = KIM Fmes Ka,
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Accordingly any local set theory can be conservatively embedded in one

which is well-endowed.

ADJOINING INDETERMINATES

A constant of type A in a local language Zis a term of the form f{x),
where fi 1 -> A. Write Z(c) for the language obtained from # by adding a
new function symbol ¢: 1 - A and write ¢ for ¢(x). Given a local set
theory S in %, and a formula a of # with exactly one free variable x of

type A, write S(a) for the theory in #ec) generated by S together with all

sequents of the form : B(x/c) where a s B. Since clearly s« a(x/0), it
follows that s 3xa.

In S(a), ¢ behaves as an indeterminate, or generic of sort a in the
sense that it can be arbitrarily assigned any value satisfying o. To be

precise, one can prove the

Theorem. Let S’ be a local set theory in a local language #' and let

K: S— S’ Then for any constant ¢’ of %' of type KA such that Fsox(c’),

there is a unique translation K': S(a) - S extending K such that K'(c) = c”.
The proof, which is omitted here, uses a

Lemma. For any sequentI : y of % we have
['(x/c) Fsv(x/c) = o, Fsy.

If Iis an S-set and a the formula x ey I, we write S; or S(J) for S(a)
and call it the theory obtained from S by adjoining an indeterminate (or
generic) element of I It follows from the Lemma above that, for any

formula y of Zin which iis free for x,

Fsp (/o = FsViely(x/9).
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If a is the formula x = x with x : A, then S(a) is written S(A) and
called the theory obtained from S by adjoining an indeterminate of type A.
In particular, let So be the pure local set theory in the local language %o
with no ground types or function symbols. Evidently So is an initial object
in the category Loc: there is a unique translation of Lo into any given local
set theory S. (Similarly, the topos C(So) is an initial object in the category
t0p.) Now consider the theory So(A), where A is a type symbol of %: A may
be considered a type symbol of any local language % If d is a constant
of type A in % and S a local set theory in % there is then a unique
translation K: So(A) > S mapping c to d. So So(A) may be considered the
universal theory of an indeterminate of type A.

It is not hard to show that:

Fsdxa = S(a) is a conservative extension of S

Fs—dxa = S(a) is inconsistent.

In set theory it is customary to introduce the function value f{x) or
fx when x is in the domain of a function f. This device can also be
employed legitimately within a local set theory. Let S be a local set theory
in a local language %, and let £ X— Y be an S-map with X : PA and
Y: PB. Let # * be obtained from % by adding a new function symbol
S A > B and let S* be the theory generated by S together with the

sequent
x e X: <xffx)> € f.
In S* f*(x) is the value of f at x. It can be shown that S*is a conservative

extension of S: this means that we can add function values to any local

set theory without materially altering it.



51

VI
USES OF THE EQUIVALENCE THEOREM

BASIC APPLICATIONS

Whenever a given property P preserved under equivalence of categories
can be shown to hold in any linguistic topos, it follows from the
Equivalence Theorem that P holds in any topos whatsoever. For many
(but not all) properties P holding in Set this is usually a straightforward
matter. For example, it is easy to see that i1 is an initial object in

C(S), so that any topos has an initial object. We write O for Q1.

Similarly any linguistic topos has coproducts: if X and Y are S-sets,
the S-set X + Y is a coproduct and the arrows 61 and o2 are the S-maps
x » <{x, D> and y » <, {y}> respectively.

In the same sort of way the Equivalence Theorem can be used to
show that any topos E possesses the following properties:

e E has exponentials.

e E is balanced, that is, any arrow which is
simultaneously epic and monic is an isomorphism.

e E has epic-monic factorization, i.e., each arrow f is
the composite of an epic and a monic: this monic is
called the image of f.

e In E, pullbacks of epic arrows are epic.

THE STRUCTURE OF (2 AND SUB(A)

Let S be a local set theory. We define the entailment relation on (2 to be

the S-set

> = {<o, 0> 0 > 0'}.



52

Given an S-set X, we define the inclusion relation on PX to be the S-set

<x ={<u, v> € PX x PX: uC u}.

It follows from facts concerning —, A, v already established that

Fs<{2, »> is a Heyting algebra with top element T and bottom element L .

Similarly,

Fs<PX, <x> is a Heyting algebra with top element X and bottom element J.

Let 2(S) be the collection of sentences (closed formulas) of %, where

we identify two sentences o, f whenever Fsa <> . Define the relation <
on (2(S) by

a<P =Fsa—p.
Then <f2(S), <> is a Heyting algebra, called the (external) algebra of truth

values of S. Its top element is T, and its bottom element is the

characteristic arrow of & > 1.
If Xis an S-set, write Pow(X) for the collection of all S-sets U such

that s U C V and define the relation = on Pow(X) by U V=FsUC V.

Then (Pow(X), &) is a Heyting algebra, called the (external) algebra of

subsets of X.
Given a topos E, we can apply all this to the theory Th(E); invoking

the fact that e o = Feo then gives
Fe<{2, <> and <PA, <a> are Heyting algebras,

where A is any E-object. These facts are sometimes expressed by saying

that (2 and PA are internal Heyting algebras in E.
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What are the “internal” logical operations on (2 in E? That is, which

arrows represent A, v, -, > ? Working in a linguistic topos and then

transferring the result to an arbitrary topos via the Equivalence Theorem

shows that, in E,

A §2 x 2 — (2 is the characteristic arrow of the monic
<T,T>:1—> 2 x 1
v: 2 x {2 — (2 is the characteristic arrow of the image of

Q+0 <Tq 1lo>+<1q,To> >Qx O

—: {2 > (2 is the characteristic arrow of L: 1 — Q.
—: 2 x 2 — 2 is the characteristic arrow of the equalizer of the

pair of arrows 11, A: 2 x 2 — (2. (Here we recall that the equalizer of a

pair of arrows with a common domain is the largest subobject of the

domain on which they both agree.)

It can then be shown that these “logical arrows” are the natural
interpretations of the logical operations in any topos E, in the sense that,

for any interpretation of a language Zin E,

oA Bl = A <0, BT
o v Bl = v of<at, B>Jx
[~ale = - ol

[o = Blx = = f<at, ] -
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We now turn to the “external” formulation of these ideas. First, for
any topos E and any E-object A, (Sub(4), C) is a Heyting algebra. For
when E is of the form C(S), and A an S-set X, we have a natural
isomorphism (Pow(X), E) = (Sub(X), C) given by

Uvrl(x~ x):U» X]
for U € Pow(X). Since we already know that (Pow(X), &) is a Heyting

algebra, so is (Sub(X), C). Thus the result holds in any linguistic topos,

and hence in any topos.

Since Sub(A) =E(1, PA), it follows that E(1, PA) (with the induced

ordering) is a Heyting algebra. And since (E(4, {2), <) = (Sub(4), Q), it

follows that the former is a Heyting algebra as well. Taking A = 1, we see
that the ordered set E(1, (2) of E-elements of (2 is also a Heyting algebra.
Recall that a partially ordered set is complete if every subset has a

supremum (join) and an infimum (meet). We claim that, for any local set

theory S, and any S-set X,

Fs<{2, <,> and <PX, C> are complete.

For we have
ucC 2ts (1 € u is the <-join of u,
ucC ts(Voeu. o) is the <-inf of u,
vC XkFs Uv is the C-join of v,
vC Xks ﬂv is the C-meet of v.
To prove, e.g., the first assertion, observe that, first,

uCoeuonokrs oecurw=T FsT e u,

SO

uC2oweuts o>TewWyrno=TFso(Teuy
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whence
uCfNkrs oeu->ox(Teu,
and thus
ucC 2 ks T e uisan=<-upper bound for u.
Also
ucC 2, Voeulo > a), (Te yFsT—- atsa,
whence
ucC 2, Voeulom > a), (T € ufsa,
i.e.,

uC 2, ais an <-upper bound foru s (T € u) < a,
which establishes the first assertion.
As a consequence, for any topos E,

Fe <f2, <> and <PA, C> are complete.

That is, {2 and PA are internally complete in E.

MORE ON INDETERMINATES

Let S be a local set theory and I an S-set. We define the category C(S)! of
Iindexed S-sets as follows. An object of C(S)!is an S-set of the form
M={<i, Mp>:ie I
with M; a term of power type having at most the free variable i thus M is
an “lindexed S-set of S-sets.” An arrow ff M— N between C(S)-objects
M={<i, M>: ie Iy and N ={<i, N>: i € I} is an S-set of the form
<i, frie L
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such that
s Viel fi e Fun(M; N).

Thus ff M — Nin C(S)!is an Iindexed S-set of maps M; — Ni.. Composites
and identity arrows in are defined C(S)! in the obvious way.

Recall that S; is the theory obtained from S by adjoining an
indeterminate I-element c. It is easily shown that there is an isomorphism
of categories

C(Sy) = C(95)~
The isomorphism G: C(S) = C(S)! is defined on objects as follows. Given
an Srset X ={x: a(x, z/¢)}, define the C(S)*-object GX by
GX={<i, Xp>:i€e L,
where
Xi = {x: a(x, z/1)}.
Given an arbitrary category C, and a C-object A, we define the

slice category (or category of objects over A) C/A to have as objects all C-

f X—» Y
arrows of the form X — A and as arrows £ vg all triples (f; h, g)
A—» A

h

where X —" Y is a C-arrow such that the triangle X > Y commutes.

f\< /g
A

It can be shown that there is an equivalence of categories

C(S)/I = C(9).
The equivalence F: C(S)/I — C(S)!is defined as follows:

RX 1) = {<i, f1@>: i< I,

where f1() = {x: <x, ©> € f}. Given

h:(X—L—>1I) (Y —2—1)
in ¢(S)/1,
Fh={<i, h>: i€ L,
with
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hi={<x, y>: x € fY) A <x, y> € h}.

We conclude that C(S)/I and C(S)!are equivalent categories, so that
C(S)/Iis a topos. The Equivalence Theorem now implies what was at one
time regarded as the fundamental theorem of topos theory, namely: if E is

a topos, then so is E/ A for any E-object A.
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VII
NUMBER SYSTEMS IN LOCAL SET THEORIES

NATURAL NUMBERS

Let S be a local set theory in a language % A natural number system in S
is a triple (N, s. 0), consisting of a type symbol N, a function symbol

s: N > N and a closed term O :N, satisfying the following Peano axioms.

(Pl) Fssn=0
(P2) sm=snFsm=n

P3) Oeu Vnlneu—->sneuwtrsvVn.neu

Here m, n are variables of type N, u is a variable of type PN, and we have
written sn for s(n). (P3) is the axiom of induction.

A local set theory with a natural number system will be called
naturalized.

In any naturalized local set theory S, O is called the zeroth numeral.
For each natural number n > 1, the nth numeral n in S is defined
recursively by putting n = s(n — 1). Numerals are closed terms of type N
which may be regarded as formal representatives in S of the natural
numbers.

It is readily shown that (P3) is equivalent to the following induction

schemel?:

For any formula o with exactly one free variable of type N, if s a(0)

and o(n) Fs a(sn), then s Vno(n).

12 While the induction principle holds for N, the least number principle can be shown to
hold in N (with the usual linear ordering) if and only if Sis classical, i.e. the law of
excuded middle holds.
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It can also be shown that functions may be defined on N by the
usual process of simple recursion. In fact we have, for any naturalized

local set theory S, the following simple recursion principle SRP:

For any S-set X: PA, any closed term a : A, and any S-map
g: X > X, there is a unique S-map f: N - X such that

Fs flO) = a A VYn[fisn = g(f(n)].

It follows from this that a natural number system on a local set
theory is determined uniquely up to isomorphism in the evident sense.

Conversely, it can be shown that SRP yields the Peano axioms, SO
that they are equivalent ways of characterizing a natural number system.

Given a naturalized local set theory S, if we denote the map
n+— s(n): N— N by s and the map * = 0: 1 - N by o, it is easy to see,

using P! and P2, that the map s+ o: N+ 1 —» Nis an isomorphism in C(S).
Conversely, it can be shown that the presence of an S-set X with an
isomorphism f: X + 1 = X yields a natural number system. For if we

define
U= ﬂ{ng:f* € uA Vxeu.fix) e w,

it is straightforward to show that the triple (U, f, f*) is a natural number
system.
An important feature of a natural number system (N, s, 0) is that

the equality relation on N is decidable, or N is discrete, that is,

Fsm=nv m#n.

Frege’s construction of the natural numbers can also be carried
out in a local set theory and the result shown to be equivalent to the

satisfaction of the Peano axioms. Thus suppose given a local set theory S.
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We shall work entirely within S, so that all the assertions we make will be
understood as being demonstrable in S. In particular, by “set”, “family”,
etc. we shall mean “S-set”, “S-family”, etc.

A family 7 of subsets of a set E is inductive if & € 4 and 7 is
closed under unions with disjoint unit sets, that is, if

VXe 7Vxe E- X (XU {g e F!3.
A Frege structure is a pair (E, v) with v a map to E whose domain is an
inductive family of subsets of E such that, for all X, Y € dom(v),
v(X)=v(Y)=X~=Y,

where we have written X ~ Y for there is a bijection between X and Y.

It can be shown that, for any Frege structure (E, v), there is a
subset N of E which is the domain of a natural number system. In fact,

for X € dom(v) write X* for X U { v(X)} and call a subfamily & of dom(v)
weakly inductive if & € ¢ and X* € &whenever X € &and v(X) ¢ X. Let N

be the intersection of the collection of all weakly inductive families, and
define 0 = v(J), N={v(X): Xe N,and s: N - N by s(v(X)) = v(X*) for
X € N. Then (N, s, 0) is a natural number system.

Conversely, each natural number system (I, s, 0) yields a Frege

structure. For one can define the map g: N — PN recursively by
g0 =< g(sn) = g(n) v m,
and the map v by
v={X, nje PN x N: X =~ g(n)}.
The domain of v is the family of finite subsets of N and v assigns to each

such subset the number of its elements. (N, v) is a Frege structure.

13 The members of the least inductive family of subsets of X are precisely the finite
discrete subsets of X (where discreteness is defined on p. ). These are the subsets of X
which are bijective with an initial segment of the natural numbers. Calling a family of
subsets of X strongly inductive if contains & and is closed under unions with arbitrary,
i.e. not necessarily disjoint, unit sets, the members of the least such family coincides
with the Kuratowski finite subsets of X. While every finite discrete subset is Kuratowski
finite, the converse does not necessarily hold.
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We next describe the interpretation of the concept of natural
number system in a topos E. Let (N, s, o) be a triple consisting of an E-
object N and E-arrows s: N— N, o: 1 -> N. Let s, o be the function
symbols in % corresponding to s, o respectively and let O be the closed
term o(x). The clearly (N, s, 0) satisfies the simple recursion principle in
Th(E) iff the following condition, known as the Peano-Lawvere axiom,

holds:

a g S
For any diagram 1 — X— X in E, there exists a unique N - X

o S
such that the diagram 1> N—>N commutes.

cNfi,{_> )¢{f

A triple (N, s, o) satisfying this condition is called a natural number
system, and N a natural number object, in E. From previous observations
it follows that a topos has a natural number object if and only if it
contains an infinite object, that is, an object A which is isomorphic to

A + 1.

REMARK ON THE REAL NUMBERS

The familiar set-theoretic constructions of the ring of integers and thence the fields of
rational numbers and real numbers can be carried out in any local set theory with a
natural number system (or any topos with a natural number object). For the integers and
rational numbers, the results are independent of the method of construction and yield
essentially the same structures as in the classical case. But while in the classical situation
all the various constructions of the real numbers (e.g. via Dedekind cuts or Cauchy
sequences) yield isomorphic results, this is no longer true in the non-classical logic of a

local set theory or a topos. Even certain basic properties of the real numbers which hold
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classically, for example order-completeness, the property that a bounded set of reals has a
supremum and an infimum, can fail. In fact, it can be shown that the system of Dedekind

real numbers constructed in a local set theory S is order complete if and only if the

intuitionistically invalid instance of DeMorgan’s law —(a A ) & —a v =3 holds in S.

And while in general the Cauchy reals can be considered a subset of the Dedekind reals,
they rarely coincide. A sufficient condition for them to do so is the validity of the
countable axiom of choice.

THE FREE TOPOS

Let % be the language with just one ground type symbol N, one function

symbol s: N > N and one function symbol 0: 1 - N. Write O for O(x). Let
Pbe the local set theory in % generated by the sequents

csn#0
sm=sn:m=n

Oceu Vnlneu—>sneuw:vVnneu

where m, n are variables of type N and u is a variable of type PN. The
triple (N, s, O) is then a natural number system in P, so that P is a
naturalized local set theory: it is called the free naturalized local set
theory.

P is particularly important because it is an initial object in the
category of naturalized local set theories. Given two such theories S, S/ a
natural translation of S into S’is a translation K: S — S’which preserves
N, s and 0. Write Natloc for the category of naturalized local set theories
and natural translations. It should be clear that P is an initial object in
Natloc. The associated topos C(P) is called the free topos.

P has some features which make it attractive from a constructive
standpoint: for instance it is witnessed in the sense of the next chapter

and has the disjunction property, namely, for sentences a, 3,
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|—p(XVB = Fpa or l—pB.

These facts have led some to suggest that P is the ideal theory and its
model the free topos the ideal universe, for the constructively minded
mathematician.

If to the axioms of Pwe add the law of excluded middle

Voo v o),

we get the theory P——the free classical naturalized local set theory—which
is the classical counterpart of P. The associated topos C(F¥) is called the
free Boolean topos. It would seem natural to regard this topos as the ideal
universe for the classically minded mathematician; however, the
incompleteness of first-order set theory implies that Pc is not complete,
so that there are more than two “truth values” in C(F¥), an evident

drawback from the classical standpoint.
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VII

SYNTACTIC PROPERTIES OF LOCAL SET THEORIES AND
THEIR TOPOS COUNTERPARTS

SYNTACTIC PROPERTIES OF LOCAL SET THEORIES

Let S be a local set theory in a language #. We make the following definitions.

S'is classical if -5 Vo(o v —o). This is the full law of excluded middle for S.

S is sententially classical if s 6 v —c for any sentence c. This is a weakened

form of the law of excluded middle.

S is complete if -5 ¢ or s —o for any sentence .
For each S-set 4 : PB let A(4) be the set of closed terms T such that Fs 1 € 4.

A is standard if for any formula a with at most the variable x : B free the

following is valid:

Fs a(x/t) forall Tin A(A)

FsVxed a

S'is standard if every S-set is so.

If 4 1s an S-set of type PB, an A-singleton is a closed term U of type PB such

that =5 U C 4 and s VxeUVyeU. x = y. X is said to be near-standard if for

any formula o with at most the variable x : B free the following is valid

Fs VxeUa(x) for all 4-singletons U

FsVxed a

S is near-standard if every S- set is so.
S is witnessed if for any type symbol B of Zand any formula o with at most

the variable x : B free the following rule is valid:
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Fsdx o

Fs a(x/t) for some closed term 1 : B.

e Sis choice if, for any S-sets X, Y and any formula o with at most the variables

x, y free the following rule (the choice rule) is valid:

FsVx eX3dy e Yalx, y)

Fs Vx € X a(x, fx) for somef: X —> Y

e Sis internally choice if under the conditions of the previous definition

Vx eX3dy eYa(x, y) FsIf eFun(X)Y) Vx eX 3y €Y [a (x, ) A <x, y>€ f].

e An S-set X'is discrete if

FsVxeXVyeXx=yvx#y.

e A complement for an S-set X : PA is an S-set Y : PA such that

FsX Y =4 A XNnY=. An S-set that has a complement is said to be

complemented.

e S is full if for each set I there is a type symbol I of the language % of S
together with a collection {i : i e I} of closed terms each of type 1 satisfying the
following:

() Fsi=j = i=]

(i) For any 7 - indexed family {ti: i € [ } of closed terms of common type A,

A

there is a term ©(x) : A, x : I such that Fst;, = (i) foralli e ],
and, for any term o(x) : A, x :1,if s, =o(i) foralli € J, then s T=o0.

I may be thought of as the representative in S of the set /.

We prove the Generalization Principle for hatted type symbols:

Suppose S is full. Then the following rule is valid for any formula o(x) with x : 1:
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Fs a(i) foralliel

FsVx o

and similarly for more free variables. In particular, 1 is standard.

Proof. Assume the premises. Then for any i € / we have Fs a(i)=T and it follows

from the uniqueness condition that g a(x)= T, whence have -5 Vxo . B

We next establish some facts concerning these notions. In formulating our
arguments we shall assume that our background metatheory is constructive, in that no

use of the metalogical law of excluded middle will be made.

Proposition 1. Any of the following conditions is equivalent to the classicality of

S:
(@) FsQ={T, 1}
(ii1) Fs ) is a Boolean algebra
(iv) any S-set is complemented,
(v) any S-set is discrete,
(vi) Q is discrete,
(vii) Fs2 = {0, 1} is well-ordered under the usual ordering,.

Proof. (iv) If S is classical, clearly {x: x ¢ X} is a complement for X. Conversely,
if {T} has a complement U, then
Fsoe U= —(0=T)=-0=>0=1.
Hence Fs U= {Ll}, whencesQ = {t} U U = {71, L}.
(vi) If Q is discrete, thenFs® =TV (0 =T),s0F s ® v —0.

(vi1) If S is classical, then 2 is trivially well-ordered under the usual well-ordering.

Conversely, if 2 is well-ordered, take any formula o, and define X = {x € 2: x =1 v a}.
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Then X has a least element, a, say. Clearly Fsa =0 < a, so, since Fsa=0va=1,we

getks a =1< —a, and hence Fsav—o. B

Proposition 2. For well-termed S, S choice = S internally choice and witnessed.

Proof. Suppose S is choice. If g Jxa, let u : 1 and define P(u, x) = a(x). Then
Fs Yue13xeXP(u,x). Now choice yields an S-map f: 1 — X such thatts Yue1B(u,fu))
ie., s P(x,f*) or Fsa(f*). By well-termedness, /* may be taken to be a closed term

7, and we then have s o(t). So S is witnessed.
To derive internal choice from choice, we argue as follows: let
X*={x e X: IyeYa(x, y)}.
Then s VxeX*3yeYa(x,y). Accordingly choice yields a map f: X* — Y such that
Fs VxeX*a(x, fx), 1.e. Fs VxeX*JyeY[<x, y> € f A a(x, y)]. Now
VxeXdyeY a(x, y) Fs X=X* ks fe Fun(X, Y)

SO

VxeXdyeY a(x, y) Fs VxeXIyeY[<x, y> € f A alx, y)].

Hence

Vx eX3JyeYolx, y) FsIf eFun(X)Y) Vx eX Ty €Y [a (x, y) A <x, y>€ f],

as required. The converse is easy. B

Proposition 3. If S is well-endowed, then S is choice = S(X) is witnessed for every S-set
X

Proof. Suppose S is choice and sy Iya(y). We may assume that X is of the form
Ua, in which case a is of the form B(x/c, y) with x : A. From Fsu Iyp(x/c, y) we infer

Fs Vx3yB(x/c, y). So using choice in S and the well-termedness of S we obtain a term
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T(x) such that Fs VxB(x, t(x)). Hence Fsw) B(c, t(c)), i.e., Fsx a(t(c)). Therefore Sx is

witnessed.

Conversely, suppose Sx is witnessed for every S-set X, and that

FsVxeX3dyeY a(x, y)]. Then FswuIyeY alc, y)], so there is a closed Z-term 1 such that
Fsay T €Y A alc, t). But 1t is t'(x/c) for some Zterm t'(x). Thus Fsw) t'(c)eY A
o(c,t'(c)), whence Fs VxeX [t'(x) €Y A a(x, T')]. Defining f= (x — 1'): X— Y then
gives Fs Vx e X a(x, fx)] as required. B

Proposition 4 (Diaconescu’s Theorem). S choice = S classical.

Proof. Step 1. S choice = S choice for any S-set 1.
Proof of step 1. Suppose that S is choice, and
Fsgy Vx €eX(c) 3y €¥(c) a (x, y, ¢).

Then
Fs Vx €X(i) Ay €Y() a (x, y, i).

Define
X*={<x, >ixeXi)niel;, Y*= ]V,

B(u, i) = Ix eX()Fi ellu =<x, > ralx, y, i) Ay € Y({)].
Then ks Vu eX* Jy e¥* B(u, y). So choice yields f* X* — ¥Y* such that

Fs Yu eX* B(u, f*u), i.e.
Fs Vi el Vx eX(i) alx, f¥(<x,i>, i) A f¥(<x,i>)e Y(i)],

whence

Fs Vx eX(c) alx, f¥(<x c>, ¢) A ff(<x,c>)e Y(c)],
Now define f = (x — f*(<x, ¢>)). Then f: X(c) > Y(c) in S; and
Fsay Vx eX(c) a(x, fx, ).

This completes the proof of step 1.
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Step 2. S choice = S sententially classical.
Proof of step 2. Define 2 ={0,1} and let X ={uc2:3y.y € u}. Then
Fs VueX3dye2.yeu
So by choice there is f; X — 2 such that
Fs Yu eX. fu e u
Now let o be any sentence; define
U={xe2:x=0vo},V={xe2:x=1vo},
Then FsUe XA Ve X, so, writing a = fU, b = fV, we have

Fs [a=0vao]a[b=1vVva],

whence

Fs [a=0Ab=1]vo,
so that
(*) Fsa#zbvo.

But 6 s U=Vtsa=b, sothat a#b s —oc. It follows from this and (*) that

Fso v —o,

as claimed. This establishes step 2.

Moral of step 2: if pair sets have choice functions, then logic is classical.

Step 3. S classical = S(Q) sententially classical. This follows from the fact that, if @ is

the generic element of Q introduced in S(Q2), then s Vo(o v —®) = Fsow v —o.

To complete the proof of Diaconescu’s theorem, we now have only to observe
that S choice = Sa choice = Sa sententially classical = S classical. B
It follows immediately from Diaconescu’s theorem that, since not every local set

theory is classical, AC is independent of pure local set theory.
Proposition 5. If'S is well-termed, then S choice = S near-standard.
Proof. Assume that S is choice. To show that S is near-standard, we first

obtain, for any S-set A of type PB and any formula a(x) with x : B, an A-singleton
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V for which (1) F+s Vxel—=oa and (2) Fs 3dxed—a = 3Ix. x € V. Let
X=1{u:Ixed —a} withu : 1 and Y = {xe 4: a}. Then s VueXdxeY—a, so by choice

there is a map f: X — Y such that s VueX—a(x/fu). If we define V' = {x: <%, x> € f}, it

is easily checked that V' is an A-singleton satisfying conditions (1) and (2).

Now to show that S is near-standard, suppose that s VxeU o for any A4-
singleton U. Then in particular s Vxe V o, which with (1) gives s —3x. x € V. We then
deduce, using (2), that Fs =3xeA4—a. Since S, being choice, is also classical (Prop. 4), it

follows that s VxeA o. Hence S is near-standard.

Proposition 6. If'S is well-termed, then S choice and complete = S standard.

Proof. Assume the premises. Then by Prop. 5, S is near-standard. We use

completeness to show that § is standard. Suppose then that -5 a(x/t) for all T € A(4). If U
is an A-singleton, then, assuming S is complete, either Fs3dx. x € U or Fs—dx. x € U.

In the former case, the well-termedness of S yields a closed term t such that U = {t} and

from Fs ax/t) it then follows that s Vxe U a. If, on the other hand, Fs —3x. x € U, then
clearly s VxeU a. So ks VxeU a for any 4-singleton U, and the near-standardness of S

yields s VxeA o, showing that S is standard. B

THE FOREGOING PRINCIPLES INTERPRETED IN TOPOSES

When S is the theory Th(E) of a topos E, the conditions on S formulated in
the previous section are correlated with certain properties of E, which we
now proceed to determine.

E is said to be extensional provided that, for any objects A, Bof E

and any pair of arrows A—L—>B,A—9% 5B, if fh = gh for every arrow

1—" > A, then f = g. We recall that this says that each object of E
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satisfies the axiom of extensionality in the sense that its identity as a
domain is entirely determined by its “elements”.

A weaker version of extensionality is obtained by replacing 1 with
subobjects of 1, that is, objects U for which the unique arrow U — 1 is

monic. Thus E is said to be subextensional provided that for any objects

A, B of E and any pair of arrows A—L—>B,A—9% B, if fh = gh for every
U—-L—> A with U= 1, thenf=g.

We say that a category is said to satisfy the Axiom of Choice (AC) if , for any
epic f- A » B, there is a (necessarily monic) g: B — A such that fg = 15, or equivalently,
if each of its objects is projective.

E is Boolean if the arrow 1+1———Q is an isomorphism, and
bivalent if T and L are the only arrows1l — Q, or equivalently, 1 has only

the two subobjects O and 1.

Let A be an object of E, and let m: B >> A be a subobject of 4. A

complement for B is a subobject n: C >> A such that the arrow m + n: B+ C — A4 is an

isomorphism. Then it is easy to show that E is Boolean if and only if every object
in E has a complement.

Notice that, even if we only assume intuitionistic logic in our
metatheory, Set is extensional. If full classical logic is assumed, Set is both
Boolean and bivalent.

If Sis a well-endowed local set theory, and E is a topos, we have the
following concordance between properties of S (respectively Th(E)) and

properties of C(S) (respectively E):

S, Th(E) c(S), E
CLASSICAL BOOLEAN
COMPLETE BIVALENT
STANDARD EXTENSIONAL

NEAR-STANDARD SUBEXTENSIONAL
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WITNESSED 1 IS PROJECTIVE
CHOICE SATISFIES AC
FULL ALL SET-INDEXED COPOWERS OF 1
EXIST

We prove a couple of these equivalences.

If S is well-endowed, then S standard = C(S) extensional. If S is well-
endowed, then C(S) is equivalent to the category T(S) of S-types and terms,
so to establish the extensionality of C(S) it is enough to establish that of
T(S). Accordingly let A, B be type symbols and suppose that f, g¢ A > B

are T(S)-arrows such that, for any T(S)-arrowl—"— A, we have fh = gh.

Now fis (x — &) and gis (x — m) for some terms &, 1, and the condition just
stated becomes: for any closed term t of type A, we have Fs (1) = n(1).

Supposing that S is standard, it follows that s Vx(§(x) = n(x)), whence f

= g. So T(S), and hence also C(S), is extensional.
Conversely, suppose C(S) is extensional. Let A be a type symbol

and a(x) a formula with a free variable of type A. Let f be the S-map

(x— a): 4> 2 If s a(r) for all closed terms 7t of type A, it follows that the

diagram

T f
1 ——>A——0

Ta

commutes for all such 1. Since C(S) is extensional (and well-termed), we

deduce that f = Ta, in other words that s Vx{a(x) = T), i.e. Fs Vxa(x). So S

is standard.
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S is choice = C(S) satisfies AC. Given g: Y =X in C(S5), let o be the formula
<y, x> € g. Then s VxeXdye Yo(x,y). If Sis choice there is f: X - Y such

that Fs Vxe Xa(x,fx), from which it follows easily that gf= 1x. So C(S)

satisfies AC.

Conversely, suppose C(S) satisfies AC and s Vxe Xdye Yu(x,y) for a
given formula a. Define Z ={<x,y> € X x Y: o} and g = (<x,y>—x): Z> X, k
= (<x,y>+>y): Z— Y. Then g is epic, and so by AC there is #: X — Z such that gh = 1x.

If we now define f'= kh: X — 7, it is easy to see that s Vxe Xa(x,fx). So Sis choice.

It follows from this that any topos satisfying AC is Boolean, so that

subobjects always possess complements.

Remark. The original proof that any topos satisfying AC is Boolean is based on
the idea of constructing a complement for any subobject. Here is a highly informal
version of the argument.

Suppose that the topos satisties AC, and let X be a subobject of an object A. Form
the coproduct 4 + A, and think of it as the union of two disjoint copies of 4. Regard the
elements of the first copy as being coloured black and those of the second as being
coloured white. Thus each element of 4 has been ‘split’ into a ‘black’ copy and a ‘white’
copy. Next, identify each copy of an element of X in the first (black) copy with its mate
in the second (white) copy; the elements thus arising we agree to colour grey, say. In this
way we obtain a set Y consisting of black, white and grey elements'*, together with an
epic map A+ A~ Y. Now we use AC to assign each element y € Y an element y'€ 4 +
A in such a way that y”is sent to y by the map A+ A Y above. The whole process—
call it P, say—accordingly transforms each element of 4 + A4 into an element (possibly

the same) of 4 + A. Now, for n =0, 1, 2, define

14 One should not be misled into thinking that at this stage the ‘grey’ elements of Y can be clearly
distinguished from the ‘black’ and ‘white’ ones: since the former are correlated with the elements
of X, such distinguishability would be tantamount to assuming that X already possesses a
complement!
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An = {a € A: P effects a change in colour in exactly n copies of a}.

Then clearly 4 = Ao U A1 U A2, A1 = X and A2 = . It follows that 4o is a complement for

X

Some examples'S.

(i)

(ii)

(iii)

Set is extensional, satisfies ACs, and is both Booleans and
bivalents .

For any partially ordered set P, SetP is subextensional . It
satisfies AC ifs, and only if, P is trivially ordered, that is, if the
partial ordering in P coincides with the identity relation. To

show that SetP is subextensional, given a, B: F — G in Set?,
po € Pand a € F(po), define U e SetP by U(p) = {x: x=0 A po < p}

with the Up; the obvious maps. Then U is a subobject of 1 in
SetP. Define ¢o: U > F by ¢op = Up) x {&. If ap = PBo, then
a, °¢,(0)=B, °¢, (0), whence o, (a)=B, (a). Since po and a
were arbitrary, a = . So SetP is subextensional.
To show that AC holds in Set? only if P is trivially ordered,

suppose that p, < go in P and define A, Bin SetP by A(p) =

{0, 1} for all p € P, and each Apq the identity map; B(p) = {0} if
po < p, B(p) = {0,1} if po « p, each Bpgeither the identity map on
{0,1} or the map {0,1} — {O} as appropriate. Then it is easy to
show that the map f: A —» Bin SetP —with each f, either the

identity map on {0,1} or the map {0,1} — {0} as appropriate—

has no section.

For any complete Heyting algebra H, Sety is subextensional. It

satisfies AC ifS, and only if, H is a Boolean algebra'®. To show that Sety is

15 In presenting these examples we indicate by appending the symbol § when we need to assume
that Set satisfies AC, or at least that its internal logic is classical and bivalent.
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subextensional, suppose given f, g: (, 8) — (J, €) in Sety . For

el joedJletni= g, A§; and a= Vn,. Then ({0}, 1) with
0 iel

Moo = a is a subobject of 1 in Sety and the n; define an arrow
n: ({0}, A) > (£ 8). If fm = gn, then a calculation shows that
Jii, = 9., - Since i and jo were arbitrary, f= g.

As for the second contention, if Sety satisfies AC, it is
Boolean, and so H must be a Boolean algebra. Conversely, If
H is a Boolean algebra, then Sety is Boolean, so Th(Setn) is
classical. It is not hard to show that Sety has all set-indexed
copowers of 1, so that Th(Sety) is full. We also know that Set is
subextensional, so that Th(Sety) is near-standard. It follows from the

Corollary to Prop. 8. that Th(Set#) is choice, so that Sety satisfies AC.

(iv)} For a monoid M, the topos SetM of M-sets is bivalent. For the terminal
object in SetM is the one-point set 1 with trivial M-action and evidently this has
only the two subobjects 0, 1.

(v) For a monoid M, if the topos SetM is Boolean, then M is a group'’, and
conversel)S. For suppose that SetM is Boolean. Regard M as an M-set with the
natural multiplication on the left by elements of M. Fora € M, U= {xa: x € M} is a
sub-M-set of M, and so has a complement 7 in SetM which must itself be an sub-M-
set of M. Now 1 ¢ V, since otherwise J'= M which would make U empty. It follows
that 1 € U and so a has a left inverse. Since any monoid with left inverses is a group,
M is a group. Conversely, if M is a group (and Set is Boolean), then the set-

theoretical complement of any sub-M-set Y of an M- set X is itself a sub-M-set and

therefore the complement in Set™ of Y.

16 If Bis a complete Boolean algebra, Fuzgis equivalent to Sets, so AC also holds in Fuzs.
17 1t follows that if M is not a group, then SetM is bivalents but not Boolean.
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(vi) If G is a nontrivial group, then 1 is not projective in SetS . For
G — 1 in Set€ is epic, but an arrow 1 — G in Set® corresponds to an element e € G
such that ge = e for all g € G, which cannot exist unless G has just one element.

(vii). For a monoid M, SetM satisfies AC if8, and only if, M is trivial. If SetM
satisfies AC, then SetM is Boolean and so by (v) M is a group. But by (vi) if M is
nontrivial, 1 is not projective in SetM, and so SetM does not satisfy AC. It follows that

M is trivial.
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IX
CHARACTERIZATION OF Set

We remind the reader that we are assuming that our background
metatheory is constructive. For definiteness we will take that metatheory
to be intuitionistic set theory IST. Now consider the category Set of sets
in IST. Its objects are all sets and its arrows all maps between sets. Set is
a topos in with truth-value object PI. We seek a characterization of Set in
terms of its associated local set theory, that is, a characterization of the
category of sets in type-theoretic terms. We shall carry this out in a

constructive manner.

Theorem. The following conditions on a well-endowed consistent
local set theory S are equivalent:
(i) Sis full and standard,
(i) C(S) = Set.
Proof. For (ii) = (i), follows from the fact that Set. is extensional
and clearly has all set-indexed copowers of 1. Now assume that S is full.
Since S is well-termed, for any S-map f: X —> Y we can write f{r) for each

closed term 1 such that Fst e X

We define functors A: C(S) — Set, ~: Set — C(S), which, under the
specified conditions, we show to define an equivalence.

First, A(X) is the set of closed terms t such that st € X, where we

identify o, 1 if that Fso = 1. Given f: X — Y, we define A(f] to be the map (t

—fir): AX) > A(Y).
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Next, given I in Set, we define Ito be the S-set U.. Given f I—J,
there is a term f{x) : J with x: I such that that s f(i)=7() for all i € L

We define f:1— Jto be the S map x f(x).
For any set I and any S-set X, we have natural maps nr I— A()
and & AX)— Xdefined as follows:

ni() =i forie I; Fse(r)=rforallte AX).

Clearly n is monic. The same is true of ¢ since for ¢, 1 € A(X),

Fse(o) =¢g(r) > o =r1,

whence

Fs VxVyle(x) = e(y) = x = Y]

by generalization for hatted type symbols.

Now suppose that S is standard. We claim that then ¢ is epic and

hence an isomorphism. For we have, for all T € A(X), Fsg(t) = 1, whence
Fs Jye(y) = t. Since X is standard, we infer that
Fs VxeX3dy e(y) = x,

so that ¢ is onto, hence epic.
Using the fact that ¢ is an isomorphism we can now show that n is
epic, and hence also an isomorphism. To do this we require the readily

established fact that, for

fil—> J, f:}—>Jisamapin S, and if f is epic, then so is f.

Now consider n: I — AI. We note that
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(*) sonzlj.

For if i € I, then
Fs eMm(i)) =emi)=ni=i

It follows by generalization that

Fs Vxefs(nx)zx,

whence (*).
Since ¢ is an isomorphism, it follows easily from (*) that n is an

isomorphism, hence also epic. Accordingly 7 is itself epic, and hence also
an isomorphism.
We conclude that (A, N) define an equivalence between C(S) — Set,

as required. B

Remark. It is also possible to formulate similar characterizations of other
toposes, for example categories of presheaves over partially ordered sets,
sheaves over topological spaces, and H-sets. For example, C(S) =Sety for
some complete Heyting algebra H if and only if S is full and near-

stansard.
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X
TARSKI’S AND GODEL’S THEOREMS IN LOCAL SET
THEORIES

Let & be a local language containing a type symbol C, which we shall call
the type of codes of formulas: letters u, v will be used as variables of type
C and the letter u will denote a closed term of type C. We shall also
suppose that ¢ contains formulas t(u), 6(u.v), and for each formula o(u),
containing at most the free variable u, a closed term [al|C called the

code of a. The assignment a ~ [al is called the coding map. A local

language satisfying these conditions will be called codable.

Let Sbe a theory in a codable language &. We say that

e is a diagonal relation in S if

s Vud(al, v) & v=[afal)] for any formula o(u).

e is a truth definition for Sif

rs t(fal) > a for any sentence a.

Since < is the same as =, a truth definition thus amounts to a (sentence-

by-sentence) left inverse to the coding map.

e 1is a demonstration predicate for S if

rs oo < rst(lal) for any sentence a.

We first prove the
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Fixed Point Lemma. Suppose that S is a theory in a codable language
with a diagonal operator. Then any formula a(u) has a “fixed point”, i.e.,

there is a sentence  such that

ks pealB).

Proof. Let 0 be a diagonal relation in S; given o(u), write y(u) for the
formula 3u[8(w,v) A a(v)], let u be the term [y], and define p to be the
sentence y(u), i.e. y(y)). Because & is a diagonal relation we have
(1) vus(yl, v) o v=Iy(y)].
Then, using (1), we have
ks B o v(y))

< B(v1Y A a(v)]

o Fvv=ly)IA a@] by (1)

o alvlyh)

o al B,

as required.
We use this to prove

Tarski’s Theorem. Let S be a theory in a codable language with a
diagonal relation. Then if S has a truth definition, it is inconsistent, that
1S, Fs L.

Proof. Let § be a diagonal relation in S and t a truth definition

for S. Let B be a fixed point for the formula —t(u); thus

(1) s B o> ().
Since t is a truth definition for S we have
(2) s B t(B)).

Now (1) and (2) give rs L, that is, S is inconsistent.
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It follows that a consistent codable typed intuitionistic theory with
a diagonal relation cannot have a truth definition.

We next prove

Godel’s First Incompleteness Theorem. Let S be a theory in a
codable language with a diagonal relation. Then if S is consistent and
has a demonstration predicate, it is incomplete.

Proof. The proof is similar to that of Tarski’s theorem. Let & be a
diagonal relation in S and t a demonstration predicate for S. Let  be a

fixed point for the formula —t(u); thus

(1) ks B —1(B).
Since 1 is a demonstration predicate for S we have
(2) s B < ks t(IB]).

From (1) and (2) it follows that
st e rsB o ks —1(IB)).
So if S is consistent, the sentence t([pJ) is neither provable nor refutable

in S, that is, Sis incomplete.

In order to formulate Godel’s Second Incompleteness Theorem in intuitionistic

type theories we require the following definition:

e 1 is a proof predicate for S if it satisfies, for any sentences a, j3,
@ rsoa = +rst(lal),
() tla—>p) s (o) - (B,
© t(t(all) rs<(lal.

If 7 is a proof predicate, we shall write (o for t([al). Then O is a provability
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operator, i.e. satisfies
@) rso = rsla
®) O(a—B) +s Lo — LB,
() Oo +s o
It is readily shown that
(d) ors B= Uars[IP

€) rsoap= s Ua <« L.

Let us call a theory in a codable language adequate if it has both a

diagonal relation and a proof predicate. We prove

Lob’s Theorem!8. Suppose that S is an adequate theory. Then for

any sentence o,

(i) UUa - o) rsUa.
(11) — D(X S —||:|—|D(X.
(iii) Harsoa = rsa.

Proof. (i) Applying the Fixed Point Lemma to the formula t(u) - a yields
a sentence B for which
ks B (t(B]) > o),
i.e.
(1) s B (LB — o).
It follows that
s B— B — o),
whence by (b))
rs LB —» OB — a).
Hence, again using (b))

(2) OB +s OB — a)rs OO — a.

18 Theorem 4.1.1 of [0].
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Then, since by (¢) [B +~s LB, it follows from (2) that
(3) OB +s Ua,

whence [Jo— arsl]p — a. Hence by (d)

4) OO o— o) ks HE B — a).
Now it follows from (1) and (e) that +s LB < U (LB — a), and from this
and (4) we obtain UL a— a) s J B. This, together with (3), gives
O a—a) s Ha, i.e. (i).

(ii) Using (i),
O-Oors U = 1) +s U = o) +s
Lo

Hence - Ha +s ==

(iii)Suppose U a +s a. Then +s J a— o and so, by (&) rs U (U a— a).

From this and (i) it follows that rs Lo

From (i) of Lob’s Theorem we see that [] provably satisfies the so-called
GL (Godel-Lob) axioml!? for a normal modal logic, i.e. the scheme

UUA - A) - LA

Corollary . The following conditions are equivalent for an adequate
theory S:

(i) For any sentence a, o+s——L]a

(ii) For any sentence o, rs——0Lla

(iii) +s =0 L.

A fortiori ars ——[] a for all sentences a implies s ——] L.

19 See [5], p. S.
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Proof. (i) = (ii). Suppose ars ——[] a for any sentence a. Then in particular
(1) —Uot-s == =
By (ii) of Lob’s theorem,
2) ~Oa +s -O0-Ca.

From (1) and (2) it follows that — Lo rs L, whence +s — o .

(i) = (iii) is trivial.

(iij) = (i). Suppose rs ——L] L. Now for any sentence a, +s =L L - ——lla.

It follows that rs—lla so that ars ——la.

The sentence —[J 1, i.e. —t( L)), expresses, with respect to the proof
predicate t, the unprovability within S of L, that is, the internal consistency of

S. From Lo6b’s Theorem one derives:

Godel’s Second Incompleteness Theorem. Suppose that Sis consistent
and adequate. Then, for any sentence a, it is not the case that +s —lla.
In particular, the sentence expressing the internal consistency of Sis not
provable in S.

Proof. Suppose that +s—a, i.e. rsOo — L. Since +s L — a, it
follows that rs 0L — Oa, and hence rsOL — L. It follows from Lob’s

theorem that s 1, i.e., Sis inconsistent.

The second incompleteness theorem may be taken to assert that in an
adequate consistent theory there is no proposition whose unprovability is

provable.
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The idea of internal consistency can be extended to the following

concordance:
Proposition Meaning
L S is internally inconsistent
—[1L S is internally consistent
——[1L S is weakly internally inconsistent
=L S is provably internally consistent
—[ -1 S is not provably internally
consistent

In each case, the claim that the proposition is provable in S is
correlated with an assertion about S : for example, -[]L with the
assertion "S is internally inconsistent" and similarly for the others.

In this spirit, consider a special case of (ii) of Lob’s theorem,
namely the inequality —[lirs —[J-[]l. This may be paraphrased: in S,
internal consistency implies the unprovability of internal consistency . This
is an internal version of Godel’s Second Incompleteness Theorem.

In this same spirit, the above Corollary translates as: if, in S, every

proposition implies its own provability, then S is weakly internally
inconsistent.

Notice that consistency and internal inconsistency are compatible.
This follows from the fact that the provability predicate t(u) can be taken
to be the formula u = u, so that every proposition can be taken to satisfy

«©

the internal condition “__ is provable” . All this shows is that internal
consistency need have little to do with consistency, or, more generally,

that provability maps need have little to do with provability=2°.

20 An observation also made in [6].
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Finally, consider the local set theory P in the language Yn. This
language can be made codable as follows: take N to be the type of codes,
and for each formula a, take [o] to be the numeral n, where n is the Gédel
number of o under some standard Godel numbering of the expressions of <n.
It is known?2! that all primitive recursive functions and relations are
representable in P, so that , in particular, the diagonal map o(u) +~
[afal)] and the proof relation of formulas in P are both representable
therein. Take d(m,n) to be the formula of ¥n representing in P the
diagonal map and let Prfim, n) be a formula in Yn representing in P the
provability relation, namely, “ m is the Gddel number of a proof in FITT of
the formula with Gédel number n” . Finally take t(n) to be the formula
AmPrflm, n).

It follows from this prescription that § is a diagonal relation in P.
Also 1(n) is a demonstration predicate. To see this, suppose that a is a
sentence with Gédel number n and +p a. Then there is a proof of a in P.
Let m be the Gédel number of such a proof. Then since Prfrepresents the
provability relation in FITT, it follows that +~p Prflm, n), i.e., +p Prfim,,
[a]). It follows that +p 3mPrfim, [a]), i.e. rrrr 1(al). Conversely, suppose
that rp t(al), i.e. -p 3MPrfim, [a)). Then for some numeral m, +p Prfim,,
[a]). Since Prf represents the provability relation in P, it follows that m is
the Goédel number of a proof in P of a, whence p a.

From all this we deduce that P is subject to Gobdel’s first
incompleteness theorem, namely, that if Pis consistent, it is incomplete.

It can also be shown that the formula t(n) as just defined is a proof
predicate in P, so that P is adequate. Accordingly, P satisfies Godel’s 2nd
incompleteness theorem, that is, if P is consistent, the sentence

expressing its internal consistency is not provable therein.

Similar remarks apply to Pe.

21 This is proved in [7].
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